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Abstract 

The conservative model of a black hole is advanced. The model incorporates conservation 
laws such as those of baryon and lepton numbers, which lifts the information loss paradox. A 
scenario of black hole evaporation is considered. 
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Introduction 



Over twenty years ago, Steven Hawking made a striking and seminal discovery that basic 
principles of quantum field theory lead to the emission of thermal radiation from a classical 
black hole [1,2]. This discovery gave rise to a famous paradox — the information loss paradox 
of black hole physics (see, e.g., [3-7]). The paradox has several aspects. In this paper, we point 
out the following of them: 

(i) the violation of unitary time evolution; 

(ii) a startlingly great value of black hole entropy; 

(iii) the problem of accommodating the entropy after black hole evaporation; 

(iv) the violation of conservation laws. 

As for the aspect (i), an issue relating to it is by no means new for physics: The issue is 
the problem of quantum indeterminism, i.e., quantum jumps resulting in information loss. The 
discussion of this problem is outside this paper. 

The aspect (ii) is that no ordinary physical system has as great entropy as that attributed 
to a black hole. 

The aspect (iii) hes in the fact that the whole of the universe is too small to accommodate 
the entropy of the black hole after its evaporation. 

It is the aspect (iv) that plays a pivotal role in lifting the information loss paradox. The 
violation of the conservation laws such as those of baryon and lepton numbers is implicitly put 
into the determination of the rate of the Hawking emission. The violation results in that the 
only channel of black hole energy loss is that through heat. It is this fact that leads to the 
immense vahic of the black hole entropy. 

The situation reverses in a cardinal way if from the outset we require the conservation laws 
be respected. Then there is another channel of energy loss — that through the decrease of the 
number of particles conserved. This results in a possibility for a normal value of the black hole 
entropy, which lifts the paradox. 

A model introduced in this paper may be called the conservative model of a black hole: The 
model incorporates conservation laws and is as physically conservative as possible. 



1 The information loss paradox 

A conventional treatment of the Hawking emission is as follows. Occupation numbers relating 
to the emission are 

the minus (respectively plus) sign corresponding to a bosonic (respectively fermionic) mode 
with the frequency uj, where the Hawking temperature T is 

T^—^, (1.2) 

E = M is black hole energy, and k, is the gravitational constant. 
The black hole horizon radius Rs is 

Rs = 2kM (1.3) 
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and the relating area A is 

A = A-kRI , (1.4) 

so that we have an identity 

dE=—^d(^\. (1.5) 



On the other hand, eg . (|1 . 1|) imphes that the only channel of black hole energy loss is that 
through heat, i.e., 

dE = SQ. (1.6) 

For an equilibrium process, 

6Q = TdS (1.7) 
holds where S is entropy, so that we obtain 

dE = TdS. (1.8) 

Eqs.(|ri),(|ri),(PD give 

dS^dQ. (1.9) 

It follows from eqs.(|r|),(ir|) that 

A = for M = 0. (1.10) 

Assuming that 

S = for M = (1.11) 

takes place, we obtain the equation 

S = 

4k 



S=4-- (1-12) 



Indeed, Bekenstein proposed [8] that 

It is eq. (|1.12|) that is the primary source of the information loss paradox. 
We have from eqs.([LT^,([r:^),([r3|) 

S^l — ) (1.14) 

\mpj 

where mp is the Planck mass, so that for the solar mass M we obtain 

— an enormous value. 

Let us ascribe the entropy ( |1.14| ) to a thermal radiation, for which 

16 

M = E = AaVA S = —aVtrTl (1. 16) 



where a is the Stefan-Boltzmann constant, V is the volume, and tr stands for thermal radiation. 
We find for the solar mass M 



Vtr ~ lO^^m^ »> lO^^m^ ^ Kni™, (1.17) 

so that the universe is too small to accommodate the entropy of the black hole after its evapo- 
ration. Thus the information loss resulting in the entropy (|1.14| ) is too great to be interpreted 
within the framework of current physics. 

2 Invocation to conservation laws and lifting of the para- 
dox 

Our aim is to treat a black hole — to the extent which is possible — as an ordinary physical 
system. To put this another way, we want to be as conservative as possible. Thus far, we face 
two nonordinary features. The first feature is eq.( |1.12| ) resulting in an enormous value of the 



black hole entropy. The second feature is as follows. Eg . ( |1 . 1|) for occupation numbers implies 
that for any mode a chemical potential ^ equals zero, 

/i = 0, (2.1) 

which in turn implies that such conservation laws as those of baryon and lepton numbers are 
violated. Thus to remedy the trouble we should remove the two features. Fortunately, this 
may be done at one stroke. It suffices from the outset to require that the conservation laws be 
respected and to introduce relating chemical potentials. Then in place of eq. (|1.6| ) we have 



dE = 5Q + Y.^i^dN^ (2.2) 

a 

where N^, is the number of particles in the black hole, so that for an equilibrium process 

dE = TdS + J2 f^adN^ (2.3) 



holds in place of eq. (|1.8| ). Eg. (|2.3|) lifts the paradox 



3 Black hole as a thermodynamic system 



Eg. (|2.3| ) implies that a black hole in an equilibrium state is described by a grand canonical 
ensemble. We have for energy 

E = E{T,{fi^}). (3.1) 
An essential peculiar feature of the black hole is a constraint on thermodynamic variables 

i.e., 

T = T({/iJ). (3.3) 
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We have from eqs.(|r5|),(|T3),(|23) 

^Y.^,dN^ = di^^-Sy, (3.4) 

thus 1/T is an integrating factor not only for 6Q but also for J2a fJ'adNa- It goes without saying 
that 

Note that in the conventional treatment, which corresponds to the case 

Ha = 0, (3.6) 

the equation 

EiT) = (3.7) 

must be an identity not to fix a value of T . 

It should be particularly emphasized that as long as conservation laws are fulfilled, the 
emission rate depends not only on T but also on {/Xa}. This is apparent from the consideration 
of a process with virtual particles: those entering the black hole should be accommodated, i.e., 
annihilated, for which they must have counterparts. 

4 Maximal temperature 

A maximal value T^ax of the temperature is defined by the equation 
We assume that 

{/i J) ^ dE{T, {^^a}) ^ 

dT ' dfif3 

which is typical for a grand canonical ensemble. Then we have 

[E{Tmax, {yUa})]mm = E{Tmax, {/^a = " Oo}), (4.3) 

which corresponds to 

Na = 0. (4.4) 

The minimal value of E implies that the state (Tmax, {/^a = — oo}) corresponds to the presence 
of a single quantum uj. In view of eg . (|1 . 1|) , we have 

~ Tmax (4.5) 

and by eq.jf^ 

u^—. (4.6) 
Thus we have for the maximal temperature and the last quantum 

l^last ~ Tmax ~ mp. (4.7) 
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5 A scenario of black hole evaporation 

Let us consider a simple scenario of black hole evaporation. Let there be only one a, so that a 
set {fJ^a} reduces to the only fi. We consider a process of evaporation with maximal equilibrium 
and maximal confinement of a black hole atmosphere. We have equations: 

E + Er^E^^ const, N + Nr ^ const, (5.1) 

and 

Er = Ea + Er, Nr ^ Na + Nr (5.2) 

where r stands for rest and a for atmosphere. 
Stages of the scenario are as follows. 
A state: total confinement, 

E{T,i^) + E,{Va,T,i^) = Ej:, (5.3) 



N{T,fj,) + N,{Va,T,fj,)^N^, (5.4) 
1 

87rKE{T, n) ' 



(5.5) 



3 equations with 3 variables T, ji, Va, 

the main process: no total confinement. 



E{T, fj,) + Er ^ E^, (5.6) 
N{T,i^) + Nr = N^, (5.7) 
^ (5.8) 



87V KE{T,ijy 



3 equations with 4 variables T, /i, Er, N^., one degree of freedom. 
The main process in more detail: 
a process: A^-confinement, 



E{T, //) + Ea{Va, T, fj,) + Er^ Es, (5.9) 



N{T, /x) + Na{Va, T, fi) = Ns, (5.10) 
1 

8t:kE{T, h) ' 



T-^^TT^r-,, (5.11) 



3 equations with 4 variables T, ii,Va, Er', 
a process: no confinement. 



E{T, n) + E„(K, T, /.) + = Es, (5.12) 



N{T, Pi) + NaiVa, T, pi) + Nr^ N^, (5.13) 
1 

877 KE{T,ny 



r = — — , (5.14) 
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3 equations with 5 variables T, (i, Va, Ej., Nj.; 
a process: no atmosphere, 

E{T, + Er ^ Es, (5.15) 

N{T,^^) + Nr^N^, (5.16) 

87rKE{T,i,y ^^-^^^ 

3 equations with 4 variables T, fj,, Ej., Nj.; 

a state: no atmosphere and A^-exhaustion of the black hole, 

E{T^ax,-oo) + Er = E^, (5.18) 



Nr^N^, (5.19) 
1 

8TrnE{Tmax, -oo)' 



Tmax — Q r-T/T-i \ ' (5.20) 



3 equations with 3 variables Tj^axi Er,Nr, 

Tmax ~ E{Tmax, "Oo) = Uiast ~ rup; (5.21) 

a final process: no atmosphere, iV-exhaustion of the black hole, and no equilibrium of the 
black hole, 

E{T, -oo) + Er^ Ej^, (5.22) 

A^. = A^E, (5.23) 

2 equation with 3 variables T,Er,Nr, T < Tmax, the black hole spits out the last quantum 
uJiast ~ mp; 

a final state: no black hole, no atmosphere, 

Er = E^, (5.24) 

Nr^Nj:, (5.25) 

2 equations with 2 variables Er,Nr, the history of the black hole is finished. 

In conclusion, it may be noted that it is possible to measure the quantities T, {/^a} for the 
atmosphere and, by the same token, for the black hole. Measuring E through 

£=| (5.26) 



or 



we obtain 



E = Ej:- Er, (5.27) 
E^E{T,{fi^}). (5.28) 
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